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N=1 Duality and the Superconformal Index
David Kutasov and Jennifer Lin
EFI and Department of Physics, University of Chicago
5640 S. Ellis Av., Chicago, IL 60637, USA
We use the N = 1 superconformal index to study certain quantum constraints on chiral
operators in a class of non-trivial SCFT’s.
1. Introduction
Despite impressive progress in the last twenty years, our understanding of four dimen-
sional N = 1 supersymmetric field theory remains quite incomplete. A case in point is
the series of fixed points discovered and studied in [1-7]. These models have gauge group
G = SU(Nc), Nf chiral superfields in the fundamental representation of G and two adjoint
superfields X , Y . Their infrared physics is controlled by the superpotential for the adjoints
W (X, Y ) and was shown in [6] to follow an ADE classification.
The uniform construction of these models makes it natural to expect that they have
many features in common. Indeed, in all the cases that have been understood to date, which
include the Ak, Dk and E7 theories, one finds the same basic structure. The non-trivial
fixed point exists when the number of flavors is in a range, Nmin ≤ Nf ≤ Nmax, which
depends on Nc. For Nf < Nmin the theory does not have a supersymmetric vacuum, and
the region just above Nmin, where the original theory is strongly coupled, has an alternative
weakly coupled description, which utilizes a generalization of Seiberg duality [8].
The E6 and E8 theories remain mysterious. As mentioned in [7], some aspects of the
picture outlined above do not seem to generalize to them, and new elements are needed
to understand their long distance physics. We will confirm the conclusions of [7] from a
different point of view.
Even in the cases that are understood, there are aspects that remain puzzling. One
involves the issue of quantum constraints on chiral operators. Such constraints occur in all
the theories mentioned above, but they seem to play a more prominent role in the Dk (with
even k) and E7 theories (see [4,6,7] for further discussion). The origin of these constraints
is unclear, and one of the motivations of this work is to understand them better.
The tool we will use for this purpose is the superconformal index that has been
developed in recent years [9-11]. This index is a regularized Witten index for the theory on
R× S3 which counts short multiplets that cannot combine into long ones. For conformal
field theories, R× S3 and R4 are equivalent, since one can map one to the other by a
conformal transformation. Under this transformation, the dilatation operator on R4 is
mapped to the Hamiltonian (the generator of translations along R) on R× S3, and the
SO(4) ≃ SU(2)×SU(2) rotation group of R4 is mapped to the isometry group of the S3.
TheN = 1 supercharges Qα and Qα˙ form doublets of the two SU(2)’s. Consider one of
these supercharges, Q+, which carries charge −1/2 under the Cartan subalgebra generator
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of one of the two SU(2)’s, J3. The superconformal algebra includes the anti-commutation
relation
{Q+, Q
†
+} = H = 2
(
H − 2J3 −
3
2
R
)
(1.1)
where H is the Hamiltonian and R is the generator of the superconformal U(1)R, normal-
ized such that the R-charge of Q+ is +1. The operator H commutes with the supercharges
(Q+, Q
†
+), and has the further property that all of its eigenvalues are non-negative. It is
therefore natural to define the Witten index
IW = Tr(−1)
F e−βH (1.2)
with the trace taken over all states in the theory. Because states with H > 0 come in
boson/fermion pairs whose contributions cancel, only states with H = 0 contribute to
(1.2), which is therefore independent of β.
The number of states with H = 0 is generically infinite,1 which makes the index
(1.2) ill defined. To resolve the degeneracy, one can refine (1.2) by introducing chemical
potentials for operators that commute among themselves and with Q+, Q
†
+. One such
operator is
R = R + 2J3 +H . (1.3)
Another is the Cartan generator of the other SU(2) in SO(4), J3. Introducing chemical
potentials t, x for them leads to the following generalization of the Witten index [10],
I(t, x) = Tr(−1)Fx2J3tRe−βH. (1.4)
Further extensions are obtained by introducing chemical potentials for the Cartan subalge-
bra generators of the global symmetry group. A convenient way to impose gauge invariance
is to introduce chemical potentials for the gauge generators, and integrate over them.
The superconformal index has some properties that make it useful for studying
strongly coupled N = 1 SCFT’s. In particular, in a family of SCFTs parametrized by
the coefficients of exactly marginal operators, the index is invariant under changes of these
parameters. If the manifold of fixed points includes weakly coupled theories (as e.g. in
N = 4 SYM), one can compute the index for them, and it must be the same in the
strongly coupled regime.
1 This is the case even in free field theory.
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Another class of strongly coupled SCFT’s for which weak coupling techniques can be
used to evaluate the index are those connected to weakly coupled ones via RG flow [10].
This is particularly clear in theories in which the U(1)R current that becomes part of the
superconformal algebra in the IR is preserved throughout the RG flow, as is the case e.g.
in the conformal windows of the ADE theories mentioned above. One can then study
the theory on R× S3 (which is of course not equivalent to that on R4 at generic points
along the RG flow), and compute the index (1.4), with R the conserved R-charge. The
index is independent of the RG parameter rΛ with r the radius of S3 and Λ the RG scale.
Thus, we can compute it in the weakly coupled UV theory and it must agree with the
superconformal index of the IR SCFT.
In many cases (e.g. the ADE theories outside their conformal windows), the infrared
superconformal U(1)R is not preserved throughout the RG flow, but rather is an accidental
symmetry of the infrared theory. In those cases too we can compute the index (1.4), as
long as there is an R-charge, R, that is conserved throughout the RG flow. Essentially by
definition, the infrared superconformal U(1)R differs from R by an accidental non-R global
symmetry. We can think of the supersymmetric partition sum (1.4) in these cases as the
superconformal partition sum with a fugacity for this global symmetry that is correlated
with that of the U(1)R. For many applications (such as studying N = 1 dualities) this
correlation is not a problem.
To compute the index for an N = 1 SYM theory with gauge group G, flavor group F ,
and chiral multiplets Φi in representations RF,i and RG,i of the flavor and gauge group,
whose lowest components have R-charge ri, we first evaluate the trace (1.4) over single-
particle states [10]
i(t, x, z, y) =
2t2 − t(x+ x−1)
(1− tx)(1− tx−1)
χadjG(z)+
∑
i
triχRF ,i(y)χRG,i(z) − t
2−riχRF ,i(y)χRG,i(z)
(1− tx)(1− tx−1)
.
(1.5)
Here χR is the character of the representation R, and R denotes the conjugate representa-
tion. The arguments of the characters are eigenvalues of the group elements in the given
representation R. 2 Reviews of group characters can be found in [12,13]. For later use, if
2 Given an element g of a group G, the character χRG (g) : G→ C is defined to be the trace of
g in the representation R. One can write g as a matrix of size dimR, and diagonalize this matrix.
Then χR(g) is the sum of the eigenvalues of the matrix. So we can take the argument of χR to
be the dimR eigenvalues in the first place, instead of the group elements.
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we parametrize the N − 1 independent eigenvalues of the fundamental of SU(N) as
zi ∈ C, i ∈ 1, . . . , N ;
∏
i
zi = 1 , (1.6)
then the characters of the representations that we will need are
χfundSU(N)(z) =
N∑
i=1
zi ; χfundSU(N)(z) =
N∑
i=1
z−1i ,
χadjSU(N)(z) =
∑
1≤i,j≤N
zi/zj − 1 = χfundSU(N)(z)χfundSU(N)(z) − 1 .
(1.7)
The single-letter index (1.5) counts states with H = 0 (1.1) where the vacuum is acted on
just once with a creation operator in the free field limit. Equivalently, it counts H = 0
operators of the schematic form φ, ∂φ, . . . , ∂nφ for arbitrary n but excluding products
of two or more φ’s, with φ parametrizing all fields in the various multiplets, and ∂ all
spacetime derivatives.
The first term in (1.5) is the contribution of the vector multiplet while the second
comes from chiral multiplets. The terms in the second proportional to tri and t2−ri are
respectively from the scalar in the ith chiral multiplet with R-charge ri, and its conjugate
fermion partner with R-charge 1− ri and J3 charge 1/2. Other components of the chiral
multiplet have H 6= 0 and do not contribute to (1.5). The denominator of (1.5) encodes
the action of the spacetime derivatives ∂αα˙ = ∂++, ∂−+ which have (H, J3, R) = (1,
1
2 , 0),
giving H = 0.
Given (1.5), the full index is given by
I(t, x, y) =
∫
G
dµ exp
(
∞∑
n=1
1
n
i(tn, xn, zn, yn)
)
(1.8)
where zn is shorthand for taking each of the multiple zi (as e.g. in (1.6)) to the nth power,
and likewise for yn. The integrand is the plethystic exponential of (1.5), which returns all
strings of operators that one can form by taking products of the operators contributing to
(1.5) [14,15]. The integral over the gauge group, with dµ the Haar measure on the group
manifold (whose explicit form for SU(N), as a function of the z’s, is in Appendix A),
projects onto gauge singlets.
We now return to the question of whether one can use the index to shed light on the
appearance of quantum constraints on the chiral ring of certain SQFT’s. One can imagine
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two possible approaches. In principle, the constraints should be visible in the index by
expanding it to the appropriate order in the fugacities and seeing if operators affected by
the constraints contribute. In practice, we find that this is difficult, for reasons that will
be explained later.
A second way that the index can shed light on such issues is by using the phenomenon
of duality. Under N = 1 duality, a theory with gauge group SU(Nc) and Nf flavors is
equivalent in the IR to a magnetic theory with a different group SU(N˜c). The magnetic
theory contains, in addition to fields that are charged under the gauge group, gauge singlet
mesons that map to composite operators in the electric theory. As we will see, assuming
that such a duality exists, by comparing the superconformal indices of the electric and
magnetic theories, one can read off the spectrum of electric mesons, and in particular any
quantum constraints that need to be imposed on them. We will see that this approach is
quite effective for the ADE theories.
Although the superconformal indices of theories with arbitrary gauge groups and
matter can be written as elliptic hypergeometric integrals (see Appendix A), the group
integrals are often difficult to evaluate. As such, demonstration of equality between the
indices of dual theories often relies on complicated mathematical identities.3 However in
[16], Dolan and Osborn showed that the index simplifies greatly in the large N Veneziano
limit.
Specifying to gauge group SU(N), the single-letter index (1.5) can be put into the
form
i(t, z) = f(t)(pN (z)pN (z
−1)− 1) + g(t)pN(z) + g(t)pN (z
−1) + h(t) (1.9)
where to match to the notation of [16], we have renamed the SU(N) characters (1.7) as
χfund(z) = pN (z); χfund(z) = pN (z
−1);
χadj(z) = pN (z)pN (z
−1)− 1 ,
(1.10)
and t in (1.9) is shorthand for all other variables (t, x, y) in (1.5). Here f(t), g(t), h(t) are
defined implicitly by comparing (1.10) with (1.5); we will give them explicitly in examples
below. f(t) is the contribution of fields in the adjoint of the gauge group (including
3 The equality of the exact superconformal indices for electric and magnetic SQCD was proven
in [16]; the formulae for the indices of the Ak and Dk generalizations are written in [17], but their
equality remains a conjecture.
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the vector multiplet), g(t) and g(t) are those of the fundamental and antifundamental
superfields respectively, and h(t) comes from gauge singlets.
Inserting (1.9) into (1.8) and using large N orthogonality properties of power-
symmetric polynomials (see [16] for details), the full index (1.8) in the Veneziano limit
is given by
I(t) = exp
(
∞∑
n=1
1
n
(
g(tn)g(tn)
1− f(tn)
− f(tn) + h(tn)
)) ∞∏
n=1
1
1− f(tn)
. (1.11)
In this limit, the comparison of electric and magnetic indices is easier.
Our strategy below is to assume that each SU(Nc) gauge theory in the aforementioned
ADE classification has an SU(N˜c) dual description with α gauge singlet mesons that
represent composite objects in the electric theory, in addition to the fundamental and
adjoint matter which mirrors that of the electric theory. In other words, we assume the
structure appearing in known dualities, but without specifying the meson spectrum. ’t
Hooft anomaly matching implies that N˜c must equal αNf −Nc where Nf is the number
of flavors in the electric (and magnetic) theory [7]. We will see that comparison of the
large N indices of the electric theory and its conjectured dual give powerful constraints on
α and the R-charges of the mesons, that allows one to determine them, in cases where a
duality of this form exists.
The outline of the paper is as follows. In section 2 we use the superconformal index to
rederive the duality of [1-3] for the A series models. In particular, we use the simplification
of the index in the large N Veneziano limit to obtain the spectrum of singlet mesons in
the magnetic theory. In sections 3 and 4 we repeat the discussion for the D and E7 cases,
using the index as a check on the appearance of the quantum constraints on the chiral ring
mentioned above. In section 5 we briefly comment on the generalization of the discussion
to the E6 and E8 cases. Two appendices contain some further useful properties of the
index.
2. A series
In [16], Dolan and Osborn used (1.11) to verify that the superconformal indices of the
dual descriptions for N = 1 SQCD with one adjoint chiral superfield and a polynomial
superpotential [1-3] agree in the Veneziano limit. This provided nontrivial evidence for the
validity of the duality. The exact formula for the index of these theories, valid for all Nc,
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was also written down in [16], but it is not known whether it agrees in the electric and
magnetic theories.
As a warm-up, in this section we will revisit this calculation. However, we will perform
it in reverse. Rather than checking that the large N indices of the known electric and
magnetic theories agree, we will assume that the electric theory is dual to an unknown
theory with gauge group SU(αNf −Nc) and α gauge singlet mesons in the bifundamental
of the flavor group. We will then use the equality of the indices to derive α and the
R-charges of the mesons.
The electric Ak theory has gauge group SU(Nc), global symmetry group SU(Nf ) ×
SU(Nf )×U(1)B ×U(1)R, Nf flavors Q, (Q˜) in the (anti)fundamental of the gauge group,
and an adjoint matter field X with superpotential
W = TrXk+1 . (2.1)
The transformation properties of the various fields under the symmetries are summarized
in the following table:
Field SU(Nc) SU(Nf ) SU(Nf ) U(1)B U(1)R
Q f f 1 1 1− 2k+1
Nc
Nf
Q˜ f 1 f −1 1− 2
k+1
Nc
Nf
V adj. 1 1 0 0
X adj. 1 1 0 2k+1
Table 1: The field content of the Ak electric theory.
In the following, we will make use of the parametrization
p = tx, q = tx−1 (2.2)
and take y, y˜, z to be the complex eigenvalues of the two SU(Nf )’s and SU(Nc) respectively
(as in (1.6)). Also introducing v as the chemical potential for U(1)B, the single-particle
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index (1.5) of the theory is [16]
iE(p, q, v, y, y˜, z)
= −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
)
(pNc(z)pNc(z
−1)− 1)
+
1
(1− p)(1− q)
(
(pq)
1
2 rQvpNf (y)pNc(z)− (pq)
1− 12 rQv−1pNf (y
−1)pNc(z
−1)
+ (pq)
1
2 rQv−1pNf (y˜
−1)pNc(z
−1)− (pq)1−
1
2 rQvpNf (y˜)pNc(z)
)
,
(2.3)
where rX , rQ are the R-charges of the corresponding fields listed in Table 1.
We now assume that the Ak theory has a magnetic dual description with gauge group
SU(N˜c) = SU(αNf −Nc) and the field content
Field SU(N˜c) SU(Nf ) SU(Nf ) U(1)B U(1)R
q f f 1 Nc/N˜c 1−
2
k+1
N˜c
Nf
q˜ f 1 f −Nc/N˜c 1−
2
k+1
N˜c
Nf
V˜ adj. 1 1 0 0
X˜ adj. 1 1 0 2
k+1
Mj, j = 1, . . .α 1 f f 0 2rQ + rj
Table 2: The “conjectured” field content of the Ak magnetic theory.
The U(1)R charges of the magnetic quarks are determined by anomaly considerations, as in
table 1. The baryon charges are fixed by the baryon matching, qN˜c ↔ QNc . The R-charge
of Mj is written as 2rQ + rj , since this operator is mapped under duality to an electric
operator of the form Q˜ΘjQ. The R-charges of the operators Θj , rj , are unspecified for
now, and will be solved for in the following.
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The single-particle index of the theory in Table 2 is
iM (p, q, v, y, y˜, z˜)
= −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
)
(p
N˜c
(z˜)p
N˜c
(z˜−1)− 1)
+
1
(1− p)(1− q)
(
(pq)
1
2 rqvNc/N˜cpNf (y
−1)p
N˜c
(z˜)− (pq)1−
1
2 rqv−Nc/N˜cpNf (y)pN˜c
(z˜−1)
+ (pq)
1
2 rqv−Nc/N˜cpNf (y˜)pN˜c
(z˜−1)− (pq)1−
1
2 rqvNc/N˜cpNf (y˜
−1)p
N˜c
(z˜)
+
α∑
j=1
(
(pq)rQ+
1
2 rjpNf (y)pNf (y˜
−1)− (pq)1−rQ−
1
2 rjpNf (y
−1)pNf (y˜)
) .
(2.4)
In the large N limit, both (2.3), (2.4) have the form (1.9), with
f(p, q) = −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
)
. (2.5)
The equality of f(p, q) for the two theories is due to the fact that f(p, q) contains only
information about the field content in the adjoint of the gauge group in each theory, and
is independent of the rank of the gauge group. Thus, matching the electric and magnetic
indices in the large N limit does not automatically imply ’t Hooft anomaly matching
between the theories, although equality of the full index does.
The quantities g, g, h of (1.9) for the electric theory take the form
gE(p, q, v, y, y˜) =
v
(1− p)(1− q)
(
(pq)
1
2 rQpNf (y)− (pq)
1− 12 rQpNf (y˜)
)
,
gE(p, q, v, y, y˜) =
v−1
(1− p)(1− q)
(
(pq)
1
2 rQpNf (y˜
−1)− (pq)1−
1
2 rQpNf (y
−1)
)
,
hE(p, q, y, y˜) = 0 ,
(2.6)
while the magnetic analogs are
gM (p, q, v, y, y˜) =
vNc/N˜c
(1− p)(1− q)
(
(pq)
1
2 rqpNf (y
−1)− (pq)1−
1
2 rqpNf (y˜
−1)
)
,
gM (p, q, v, y, y˜) =
v−Nc/N˜c
(1− p)(1− q)
(
(pq)
1
2 rqpNf (y˜)− (pq)
1− 12 rqpNf (y)
)
,
hM (p, q, y, y˜) =
1
(1− p)(1− q)
∑
j
(
(pq)rQ+
1
2 rjpNf (y)pNf (y˜
−1)
−(pq)1−rQ−
1
2 rjpNf (y
−1)pNf (y˜)
)
.
(2.7)
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Agreement of the large N indices of the electric and magnetic theories implies that
gEgE − gMgM
1− f
= hM − hE (2.8)
as functions of the variables (p, q, v, y, y˜). Plugging in (2.6), (2.7) and reverting back from
the variables p, q to t, x (2.2), (2.8) implies that
α∑
j=1
trj =
1 + t
2
k+1 + t
4
k+1 + . . .+ t
4α−2
k+1
1 + t
2k
k+1
=
1 + t˜+ t˜2 + . . .+ t˜2α−1
1 + t˜k
(2.9)
with t˜ = t
2
k+1 . For (2.9) to have a solution with a finite number of positive rj , all the roots
of the polynomial in the denominator on the RHS must be contained among those of the
numerator. The roots of the denominator are exp((2n − 1)pii/k) for n ∈ Z+ ≤ k , while
those of the numerator are the 2α’th roots of unity. Therefore, the smallest α for which
(2.9) is a polynomial of a finite degree is
α = k . (2.10)
Other values with this property are αn = nk for integer n. Both here and in all subsequent
examples we discuss, the lowest value (n = 1) gives the physical meson spectrum on the
l.h.s. Other choices of n give rise to meson spectra that are easily ruled out from anomaly
matching considerations, which as mentioned previously, are not automatically included
in the large N index matching between the electric and magnetic theories.
From (2.9), (2.10) we can read off that
rj =
2(j − 1)
k + 1
= (j − 1) rX , j = 1, . . . , k (2.11)
suggesting that the magnetic mesons have the form Q˜X˜j−1Q, j = 1, . . . k, in agreement
with the known duality of [1-3].
At the next level, the operator Q˜XkQ is set to zero by the equations of motion
following from (2.1). In the index, it does not contribute because it cancels against a
fermionic operator with the same quantum numbers. The details of this cancellation are
discussed in Appendix B.
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3. D series
The Dk+2 theory [4] is obtained by adding to the Ak one an additional adjoint chiral
superfield Y , with the superpotential
W = TrXk+1 + TrXY 2 . (3.1)
It contains the fields
Field SU(Nc) SU(Nf ) SU(Nf ) U(1)B U(1)R
Q f f 1 1 1− 1
k+1
Nc
Nf
Q˜ f 1 f −1 1− 1k+1
Nc
Nf
V adj. 1 1 0 0
X adj. 1 1 0 2
k+1
Y adj. 1 1 0 kk+1
Table 3: The field content of the Dk+2 electric theory.
Its single-particle index (1.5), in terms of p, q (2.2) and other variables used in defining the
Ak electric index around (2.3), is
iE(p, q, v, y, y˜, z)
= −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
−
1
(1− p)(1− q)
((pq)
1
2 rY − (pq)1−
1
2 rY )
)
(pNc(z)pNc(z
−1)− 1)
+
1
(1− p)(1− q)
(
(pq)
1
2 rQvpNf (y)pNc(z) − (pq)
1− 12 rQv−1pNf (y
−1)pNc(z
−1)
+ (pq)
1
2 rQv−1pNf (y˜
−1)pNc(z
−1)− (pq)1−
1
2 rQvpNf (y˜)pNc(z)
)
,
(3.2)
with rX , rY , rQ the U(1)R-charges of the respective fields in Table 3.
A dual description of the theory was proposed in [4]. The magnetic theory is N = 1
SQCD with gauge group SU(3kNf −Nc) and the same charged matter as in the electric
one, coupled to 3k singlet mesons
Mlj = Q˜X
l−1Y j−1Q, l = 1, . . . , k, j = 1, 2, 3 (3.3)
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via the superpotential
W = TrX˜k+1 +TrX˜Y˜ 2 +
k∑
ℓ=1
3∑
j=1
Mℓj q˜X˜
k−ℓY˜ 3−jq . (3.4)
A new element in the Dk theories with even k is the appearance of a quantum constraint
on the chiral ring, associated with the adjoint chiral superfields. To summarize the main
idea (see [4,6,7] for more detailed discussions), the classical equations of motion following
from the superpotential of the electric theory (3.1), Xk = Y 2 and {X, Y } = 0, allow for
mesons of the form Q˜ΘljQ with Θlj = X
l−1Y j−1; l = 1, . . . , k, j = 1, 2, . . . These mesons
are expected to appear in the magnetic theory as singlets of the magnetic gauge group,
Mlj . Such fields indeed appear, (3.3), but the index j takes only three values, j = 1, 2, 3.
For odd k this is OK, since the classical F-term equations imply the chiral ring constraint
Y 3 = 0. For even k such a constraint does not appear at the classical level, but is believed
to appear quantum mechanically. Our goal in this section is to repeat the steps carried out
in the previous one for the A series, and see if large N index matching leads to the meson
spectrum appearing in the D series duality. For even k, this provides a further check on
the presence of the quantum constraint.
Again, we assume that the electric theory has an unknown dual description with gauge
group SU(N˜c) = SU(αNf −Nc) with α an unspecified integer, and the fields
Field SU(N˜c) SU(Nf ) SU(Nf ) U(1)B U(1)R
q f f 1 Nc/N˜c 1−
1
k+1
N˜c
Nf
q˜ f 1 f −Nc/N˜c 1−
1
k+1
N˜c
Nf
V˜ adj. 1 1 0 0
X˜ adj. 1 1 0 2k+1
Y˜ adj. 1 1 0 kk+1
Mj, j = 1, . . .α 1 f f 0 2rQ + rj
Table 4: The “conjectured” field content of the Dk+2 magnetic theory.
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This leads to a magnetic single-particle index (1.5) with the same form as that of the A
series index (2.4), up to a contribution from Y˜ :
iM (p, q, v, y, y˜, z˜)
= −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
−
1
(1− p)(1− q)
((pq)
1
2 rY − (pq)1−
1
2 rY )
)
(p
N˜c
(z˜)p
N˜c
(z˜−1)− 1)
+
1
(1− p)(1− q)
(
(pq)
1
2 rqvNc/N˜cpNf (y
−1)p
N˜c
(z˜)− (pq)1−
1
2 rqv−Nc/N˜cpNf (y)pN˜c
(z˜−1)
+ (pq)
1
2 rqv−Nc/N˜cpNf (y˜)pN˜c
(z˜−1)− (pq)1−
1
2 rqvNc/N˜cpNf (y˜
−1)p
N˜c
(z˜)
+
α∑
j=1
(
(pq)rQ+
1
2 rjpNf (y)pNf (y˜
−1)− (pq)1−rQ−
1
2 rjpNf (y
−1)pNf (y˜)
) .
(3.5)
In the large N limit, the electric and magnetic indices have the form (1.9) with
f(p, q) = −
(
p
1− p
+
q
1− q
−
1
(1− p)(1− q)
((pq)
1
2 rX − (pq)1−
1
2 rX )
−
1
(1− p)(1− q)
((pq)
1
2 rY − (pq)1−
1
2 rY )
)
.
(3.6)
The functions g, g, h in (1.9) for both theories can easily be read off from (3.2), (3.5).
Plugging into (2.8), we find that the analog of (2.9) for the D series is
α∑
j=1
trj =
1 + t
2
k+1 + t
4
k+1 + . . .+ t
2α−2
k+1
1 + t
2k
k+1 − t
k
k+1
=
1 + t˜2 + t˜4 + . . .+ t˜2(α−1)
1− t˜k + t˜2k
, (3.7)
with t˜ = t
1
k+1 . For (3.7) to have a solution with a finite number of positive rj , the roots
of the polynomial in the denominator on the RHS must be contained among those of the
numerator. The minimal value of α with this property is
α = 3k . (3.8)
As before, α = 3nk with n = 2, 3, · · · are also solutions to (3.7), but can be ruled out by
anomaly matching. The values of rj obtained from (3.7), (3.8) are easily checked to be
those of (3.3).
The formulae for the indices of the Dk+2 theory and its magnetic dual for finite N
were given in [17]. The equality of the electric and magnetic indices is a conjecture that
awaits a proof.
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One might hope to see the quantum constraint Y 3 = 0 explicitly in the index by
expanding it to appropriate order in the fugacities. Unfortunately, the presence or absence
of this constraint is obscured by the appearance of many operators at the same order as
Y 3. We discuss the details in Appendix B.
4. E7
The E7 theory is again N = 1 SQCD with two adjoint chiral superfields X, Y , but
with the superpotential
W = TrY 3 +TrY X3 . (4.1)
This determines the R-charges of the fields to be those listed in Table 5. The corresponding
single-particle index (1.5) is given by eq. (3.2) but with rX , rY , rQ taking the values from
Table 5.
Field SU(Nc) SU(Nf ) SU(Nf ) U(1)B U(1)R
Q f f 1 1 1− 1
9
Nc
Nf
Q˜ f 1 f −1 1− 19
Nc
Nf
V adj. 1 1 0 0
X adj. 1 1 0 4
9
Y adj. 1 1 0 23
Table 5: The field content of the E7 electric theory.
In [7] we proposed a magnetic dual description for this theory, that has gauge group
SU(30kNf−Nc), coupled to thirty singlet mesonsMj ↔ Q˜Θj(X, Y )Q, j = 1, . . . , 30 via a
superpotential similar to (3.4). The specific form of the Θj(X, Y )’s as ordered products of
X, Y can be found in [7]. As with the Dk+2 theories with even k, the classical chiral ring is
larger. In particular, the number of operators Θj that can be used to make chiral mesons
is larger than thirty (and depends on Nc). In [7] we proposed a quantum constraint on the
chiral ring of the electric theory, that truncates this classical set to the thirty operators
compatible with the duality. To provide further evidence for the validity of this constraint,
we would like to repeat the discussion of the A and D series for this case.
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Thus, we again assume the existence of a magnetic dual with gauge group SU(N˜c) =
SU(αNf −Nc) for an unknown integer α, and the fields
Field SU(N˜c) SU(Nf ) SU(Nf ) U(1)B U(1)R
q f f 1 Nc/N˜c 1−
1
9
N˜c
Nf
q˜ f 1 f −Nc/N˜c 1−
1
9
N˜c
Nf
V˜ adj. 1 1 0 0
X˜ adj. 1 1 0 49
Y˜ adj. 1 1 0 23
Mj , j = 1, . . . α 1 f f 0 2rQ + rj
Table 6: The “conjectured” field content of the E7 magnetic theory.
Here rj are the U(1)R charges of Θj and, as before, we do not place any constraints on
them.
The single-letter index of the theory of Table 6 is given by (3.5) with the the appro-
priate R-charges. Taking the large N limit, the analog of (2.9) obtained from reading off
the f, g, h functions (1.9) of the electric and magnetic single-letter indices and using (2.8)
now reads
α∑
j=1
trj =
1 + t
2
9 + t
4
9 + . . .+ t
2(α−1)
9
1 + t
2
9 − t
2
3 − t
8
9 − t
10
9 + t
14
9 + t
16
9
. (4.2)
(4.2) can again only be satisfied with finite α if every root of the denominator on the r.h.s.
coincides with a root of the numerator, which are αth roots of unity. However, it is easy
to check that this is in fact the case when α = 30.4 The r.h.s. is then a sum of thirty
terms of the form trj , with the rj coinciding with the meson spectrum found in [7]. This
provides further support for the picture proposed in [7].
Expanding the index to the level of the constraint, one encounters again the same
situation as in the D series, as discussed in Appendix B.
In principle, one can go beyond the Veneziano large N limit, and compare the indices
of the electric and magnetic theories for all Nf , Nc. Following [16,17] and the building
4 Again, we discard solutions with α = 30n for positive integer n > 1.
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blocks described in Appendix A, the index of the electric E7 theory is
IE(p, q, y, y˜) =
(p; p)Nc−1(q; q)Nc−1
Nc!
Γ((pq)rX/2, (pq)rY /2; p, q)Nc−1
×
∫
TNc−1
Nc−1∏
j=1
dzj
2piizj
Nf∏
i=1
Nc∏
j=1
Γ((pq)rQ/2yizj , (pq)
rQ/2y˜−1i z
−1
j ; p, q)
×
∏
1≤i<j≤Nc
Γ((pq)rX/2ziz
−1
j , (pq)
rX/2z−1i zj , (pq)
rY /2ziz
−1
j , (pq)
rY /2z−1i zj ; p, q)
Γ(ziz
−1
j , z
−1
i zj ; p, q)
(4.3)
where T is the unit circle, y, y˜, z are (as before) complex eigenvalues for the matrix repre-
sentations of SU(Nf )×SU(Nf )×SU(Nc) (1.6), and we have used the short-hand notation
for products of elliptic gamma functions (see Appendix A),
Γ(y1, y2, . . . , yk; p, q) = Γ(y1; p, q)× Γ(y2; p, q)× · · · × Γ(yk; p, q). (4.4)
Similarly, the magnetic index is
IM (p, q, y, y˜) =
(p; p)N˜c−1(q; q)N˜c−1
N˜c!
Γ((pq)rX/2, (pq)rY /2; p, q)N˜c−1
×
30∏
n=1
Nf∏
i,j=1
Γ((pq)rQ+
rMn
2 yiy˜
−1
j ; p, q)
×
∫
TN˜c−1
N˜c−1∏
j−1
dzj
2piizj
Nf∏
i=1
N˜c∏
j=1
Γ((pq)rq/2y−1i zj , (pq)
rq/2y˜iz
−1
j ; p, q)
×
∏
1≤i<j≤N˜c
Γ((pq)rX/2ziz
−1
j , (pq)
rX/2z−1i zj , (pq)
rY /2ziz
−1
j , (pq)
rY /2z−1i zj ; p, q)
Γ(ziz
−1
j , z
−1
i zj ; p, q)
(4.5)
where z˜i are the eigenvalues of SU(N˜c) and the thirty rMn are the ones read off from (4.2)
with α = 30.
As a corollary of our duality [7], we conjecture
IE = IM (4.6)
between (4.3) and (4.5) as a hypergeometric integral identity.
16
5. E6 and E8
The two remaining ADE fixed points [6] are the E6 and E8 theories, which are obtained
by turning on the superpotentials
WE6 = TrY
3 +TrX4 ,
WE8 = TrY
3 +TrX5 .
(5.1)
As discussed in [6,7] many of the properties of the other theories are expected to be present
in these cases as well. In particular, there is evidence that these theories do not have a
vacuum below a certain critical number of flavors, although it is not known what that
number is. Furthermore, the UV descriptions of these theories in terms of SU(Nc) gauge
theory seems to break down in the infrared for sufficiently small Nf . Thus, it is natural to
expect that there is a weakly coupled dual description that makes these two phenomena
manifest, like in the other cases.
As mentioned in [7], an N = 1 dual with the same properties as in the other cases
does not seem to exist. In this section, we use the large N superconformal index to confirm
this conclusion using the tools of the previous sections.
The field content and transformation properties under the symmetries of the E6 and
E8 theories are the following:
Field SU(Nc) SU(Nf ) SU(Nf ) U(1)B U(1)R
Q f f 1 1 1− 16
Nc
Nf
Q˜ f 1 f −1 1− 1
6
Nc
Nf
V adj. 1 1 0 0
X adj. 1 1 0 12
Y adj. 1 1 0 23
Table 7: The field content of the E6 electric theory.
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Field SU(Nc) SU(Nf ) SU(Nf ) U(1)B U(1)R
Q f f 1 1 1− 1
15
Nc
Nf
Q˜ f 1 f −1 1− 115
Nc
Nf
V adj. 1 1 0 0
X adj. 1 1 0 2
5
Y adj. 1 1 0 23
Table 8: The field content of the E8 electric theory.
The single-letter indices of these theories are again given by eq. (3.2) but with the charges
in tables 7 and 8. If we repeat the procedure of the previous sections to match the indices in
the large N limit to those of a conjectured magnetic dual, with gauge group SU(αNf−Nc)
for unknown α, magnetic quarks q, q˜, adjoints X˜, Y˜ and α magnetic mesons, the analogs
of (2.9) specifying the magnetic meson spectrum turn out to be
E6 :
∑
j
trj =
1 + t
1
3 + t
2
3 + . . .+ t
α−1
3
1 + t
1
3 − t
1
2 − t
5
6 − t
7
6 + t
4
3 + t
5
3
,
E8 :
∑
j
trj =
1 + t
2
15 + t
4
15 + . . .+ t
2(α−1)
15
1 + t
2
15 + t
4
15 − t
2
3 − t
4
5 − t
14
15 − t
16
15 − t
6
5 + t
8
5 + t
26
15 + t
28
15
.
(5.2)
Unlike in the earlier examples, the roots of the polynomials in the denominators on the
r.h.s. for both E6 and E8 (in terms of t˜ = t
1/6, t˜ = t2/15 respectively) do not all lie on
the unit circle. Instead, in both cases, there are two pairs of roots equidistant from the
unit circle (with their product having modulus 1), while all the other roots lie on the unit
circle (see figure 1).
Therefore, the roots cannot all be contained among the roots of the numerators which
are roots of unity. As discussed previously, this is a prerequisite for there to be a solution
of (5.2) with finite α. Therefore, if the E6 and E8 theories have dual descriptions, they
must involve some new elements. It would be interesting to find them.
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Appendix A. Elliptic Hypergeometric Formulae for the Index
In this section, we summarize the procedure for obtaining the exact superconformal
index of a 4d N = 1 theory (without going to the large N limit) as a product of “building
blocks” for each multiplet [16,17]. The single-letter index (1.5) is a sum of contributions
from each multiplet, so the full index (1.8) which is the plethystic exponential of the single-
letter one, can be decomposed as a product of contributions from individual multiplets.
In terms of the variables p = tx, q = tx−1 (2.2) and y = trz, where y here has no
relation to the fugacity for the global symmetry group appearing in the text, the single-
letter index (1.5) for a chiral multiplet with R-charge r is
iS(p, q, y) =
trz − t2−rz−1
(1− tx)(1− tx−1)
=
y − pq/y
(1− p)(1− q)
. (A.1)
Its contribution to the full index (1.8) is [16]
Γ(y; p, q) = exp
(
∞∑
n=1
1
n
iS(p
n, qn, yn)
)
=
∏
j,k≥0
1− y−1pj+1qk+1
1− ypjqk
, (A.2)
where Γ(y; p, q) is the elliptic gamma function.
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For an abelian gauge field, the single-letter index is
iV (p, q) = −
p
1− p
−
q
1− q
(A.3)
leading to the following contribution to the full index,
exp
(
∞∑
n=1
1
n
iV (p
n, qn)
)
= (p; p)(q; q) (A.4)
where
(x; p) =
∏
j≥0
(1− xpj) . (A.5)
Similar expressions are obtained for higher rank gange groups. In particular when the
gauge group is SU(N), the contribution of the vector multiplet to the index together with
that of the gauge group integral that projects out singlets (1.8) yields [17]
(p; p)N−1(q; q)N−1
N !
∫
TN−1
N−1∏
i=1
dzi
2piizi
∏
1≤i<j≤N
1
Γ(ziz
−1
j , z
−1
i zj ; p, q)
(A.6)
where T is the unit circle and zi are the eigenvalues of SU(N) (1.6). The index of a
particular SU(N) theory is the product of the building blocks (A.2), (A.6), with one copy
of (A.2) for each chiral multiplet in the theory.
Appendix B. Structure of Low-Lying Terms
In this section, we comment on the structure of low-lying terms in the t-expansion
of the superconformal index at large N , for the models discussed above. The hope is to
explicitly see the quantum constraint in the Dk for k even and E7 cases by checking that
the coefficient of the index at the level where the constraint first appears is the right one for
the truncated operator not to contribute. Unfortunately, we will find that the constraints
in our examples appear at high enough levels in the expansion, that cancellation is obscured
by the presence of a large number of operators that contribute at the same level.
We will make use of the fact that the N = 1 index (1.8) can be expanded as [16]
I(t, x, y) =
∑
r,j,RF
nr,j,RF
trχ2j+1(x)
(1− tx)(1− tx−1)
χRF (y) , (B.1)
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where χ2j+1 is the character for the representation of the SU(2) in the isometry group
of S3 with J3 eigenvalue j (see around (1.3); all mentions of an SU(2) in this appendix
will refer to this one, as opposed to the other SU(2) that has Cartan generator J3), χRF
are characters of the representation RF of the flavor group F , and nr,j,RF are integer
coefficients counting the number of short multiplets in the N = 1 SCFT that transform as
(r, j, RF ) under (R, SU(2), F ).
A similar exercise was carried out for 3d N = 2 Chern-Simons theories in [18], where
quantum constraints in the chiral ring appear at low dimension, and the cancellation of
truncated operators is visible in the t-expansion. See [19] for a related discussion.
B.1. A series
We first verify that in the A series discussed in Section 2, the classical truncation of
the chiral ring from the equations of motion for X that follow from the superpotential
(2.1) is visible in the expansion of the large N formula (1.11), (2.3) for the index. The
e.o.m. for X is
Xk −
1
N
(TrXk) 1 = D term , (B.2)
hence the operators TrX l, l > k and those involving the matrixX l with l ≥ k are classically
set to zero.
In particular, the equation of motion implies that
Q˜XkQ = 0 . (B.3)
Our goal is to see how (B.3) is manifested in the index.
The operator in (B.3) transforms in the bifundamental of the flavor group F =
SU(Nf )L × SU(Nf )R, and is a singlet of SU(2) with j = 0. The relevant coefficient
in (B.1) is thus associated to charges r = 2rQ +
2k
k+1 , j = 0, and proportional to the flavor
group character pNf (y)pNf (y˜) (1.10).
We compute this coefficient in the expansion of the largeN formula (1.11). Comparing
with (2.6), in order to get a factor of pNf (y)pNf (y˜) we keep terms that contain exactly
one copy of gEgE . In other words, the number of chiral operators with R charge r + 2rQ
that transform in the bifundamental of the flavor group are the coefficients of tr in the
expansion of
1
1− f(t, x)
∞∏
n=1
[
1
1− f(tn, xn)
exp
(
−
1
n
f(tn, xn)
)]
, (B.4)
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with f(t, x) given in (2.6). Then to restrict to j = 0, we further keep only terms in (B.4)
with no explicit x dependence.
Expanding (B.4) in powers of t, we find the following coefficients for t2n/(k+1) with
integer n < k, along with the operators that they correspond to:
n coefficient operators
1 1 Q˜XQ
2 2 Q˜X2Q Q˜QTrX2
3 3 Q˜X3Q Q˜XQTrX2 Q˜QTrX3
4 5 Q˜X4Q Q˜X2QTrX2 Q˜XQTrX3 Q˜QTrX4 Q˜Q(TrX2)2
...
...
...
(B.5)
However, at level n = k there is a modification to (B.5). The coefficient of (B.4) at n = k
is lower by 1 from the value listed in the table. As a specific example, expanding (B.4) for
k = 4 and dropping terms with x dependence, we find the polynomial
1 + t2/5 + 2t4/5 + 3t6/5 + 4t8/5 + . . .
which agrees with (B.5) for n = 1, 2, 3, but has coefficient 4 instead of 5 at level n = 4.
This occurs because the conjugate fermion ψX in the X multiplet, which contributes
to the index with R charge of 2 − rX = 2 −
2
k+1 =
2k
k+1 as discussed around (1.5), first
appears at the n = k level carrying a minus sign from (−1)F . The index therefore says
that the operator Q˜XkQ may combine with Q˜ψXQ to form a long multiplet.
5 This is
consistent with the fact that Q˜XkQ is not in the chiral ring.
In general, for any theory with a chiral multiplet φ, the contribution of ψφ is how the
index implements the classical equation of motion for φ. The F-term equation for φ has
the same R-charge 2− rφ as ψφ, which contributes to the index with opposite sign.
B.2. D series and E7
We now return to the question of whether the quantum constraint on the chiral ring
in examples discussed above, Y 3 = 0 for the Dk+2 with k even models [4] and a more
5 In principle, we know only that Q˜ψ
X
Q cancels against some operator in the list (B.5).
However, here it cannot cancel against anything except for (B.3), because all the other ones
are multitrace operators that are products of single-trace ones appearing already at lower levels.
Q˜XkQ is the only new single-trace operator appearing at level n = k.
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complicated analog for the E7 theory [7], can be seen by the index. The answer appears
to be no for the following reason. In the D series, the operator Y has R-charge k/(k + 1)
(see Table 3), so the quantum constraint has charge
R (Y 3) =
3k
k + 1
≥ 2 (B.6)
for all k even, with equality when k = 2. Similarly, the E7 quantum constraint has R-charge
30/9 > 2 [7].
However at R = 2, SU(2) singlet operators that involve the vector multiplet and/or
spacetime derivatives, which have H = 0 and are counted by the index, first begin to
appear.
For example, looking at the bifundamental operators, in addition to those operators
built out of Q˜, Q,X, ψX that are listed in table (B.5), there are additional SU(2) singlets
such as
Q˜λ2Q, Q˜QTrλ2, ∂−+Q˜λ−Q, . . .
where λ is the gaugino in the vector multiplet, and in the derivative ∂αα˙ the first index
is that of the SU(2) discussed throughout this appendix, while the second index is for
the other SU(2) with generator J3.
6 λ and ∂±+ both carry R-charges 1 (1.3), so these
operators first appear starting at R = 2. (Two or more λ’s and ∂±+’s are required, to
contract spinor indices and get an SU(2) singlet).
Given the appearance of many single-trace bosonic and ferminoic operators which
contribute to the index at levels R ≥ 2, there are multiple cancellations among them,
which obscure the appearance or absence of the quantum constraint.
6 This is not a complete list. See [10] for such a list in the case of ordinary Seiberg duality.
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